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2 Maxwell equations (review)
$E^{em}$ $H^{em}$
:
$\nabla\cross E^{em}+c^{-1}\partial_{t}H^{em}$ $=$ $0$ , $\nabla\cdot H^{em}=0$,
$\nabla\cross H^{em}-c^{-1}\partial_{t}E^{em}$ $=$ $J^{e}$ , $\nabla\cdot E^{em}=q^{e}$ . (1)
$q^{e}=4\pi\rho^{e},$ $J^{e}=(4\pi/c)j^{e}$ . $\rho^{e}$ $j^{e}$
$c$ $A$
$\phi^{(e)}$ $E^{em}$ $H^{em}$ :
$E^{em}=-c^{-1}\partial_{t}A-\nabla\phi^{(e),}$. $H^{em}=\nabla\cross A$ .
1 $A$ $\phi^{(e)}$
1 Maxwell (1873)
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$\partial_{t}v+(v\cdot\nabla)v=-\frac{1}{\rho}\nabla p$ , (4)
:
$\partial_{t}\rho+v\cdot\nabla\rho+\rho\nabla\cdot v$ $=$ $0$ , (5)
$\partial_{t}s+v\cdot\nabla s$ $=0$ , (6)
$\partial_{t}\omega+\nabla\cross(\omega\cross v)$ $=$ $0$ , (7)
( (4) curl ) $\rho$ $s$
( ) , $p$ :
$\partial_{t}=\partial/\partial t$ , $\omega=\nabla\cross v$ . $x=(x_{i})$ , $v=(v_{i})$ , $\nabla=(\partial_{i})$ , $\partial_{i}\equiv\partial/\partial x_{i}$ .
$(s=$ $)$ $\Delta h$ , $\Delta\rho$ , $\Delta p$
$:^{2}$
$\Delta h=\frac{1}{\rho}\triangle p=\frac{a^{2}}{\rho}\Delta\rho$ , (8)
$a^{2}=(\partial p/\partial\rho)_{s}$ $a$ (8) (4), (5)
$\partial_{t}v+(v\cdot\nabla)v+\nabla h=0$ , (9)
$\partial_{t}h+v\cdot\nabla h+a^{2}\nabla\cdot v$ $=0$. (10)
(9), (10) $a$ $a_{0}$
$\partial_{t}v+\nabla h=0$ , $\partial_{t}h+a_{0}^{2}\nabla\cdot v=0$ . (11)
:
$(\partial_{t}^{2}-a_{0}^{2}\nabla^{2})v=0$ , $(\partial_{t}^{2}-a_{0}^{2}\nabla^{2})h=0$ . (12)
(2), (3) :
$(A, \phi^{(e)})rightarrow(a_{0}v, h)$ .
2 $dh=(1/\rho)dp+Tds$ $T$
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$E\equiv-\partial_{t}v-\nabla h$ , $H\equiv\omega=\nabla\cross v$ , (13)
$v$ $h$
$(fMe)$ (Kambe 2010):
$fMe$ : $\{\begin{array}{ll}\nabla\cdot H = 0, (A)\nabla\cdot E =q, (B)\nabla\cross E+\partial_{t}H = 0, (C)a_{0}^{2}\nabla\cross H-\partial_{t}E = J, (D)\end{array}$
$a_{0}$ 3 :




$E$ $=$ $(v\cdot\nabla)v$ , (16)
$(v\cdot\nabla)v$ $=$ $\omega\cross v+\nabla(\frac{1}{2}v^{2})$ . (17)
(14) $q$ $J$ (B) (10) :
$q$ $=$ $div[(v\cdot\nabla)v]=\nabla\cdot(\omega\cross v)+\nabla^{2}(\frac{1}{2}\uparrow f2)$ , (18)
$J$ $=$ $\partial_{t}^{2}v-\nabla((v\cdot\nabla)h+a^{2}\nabla\cdot v)+a_{0}^{2}\nabla\cross(\nabla\cross v)$ , (19)
41 $fMe$
$fMe$ $(A)\sim(D)$
(A) (B) (13) $q$
(14) (18) (C) (13)
$E$ (16) (C) (7)
(D) (13) $\partial_{t}E=-\partial_{t}^{2}v-\nabla\partial_{t}h$
$\partial_{t}h$ (10) :
$-\partial_{t}E-\partial_{t}^{2}v$ $=$ $\nabla\partial_{t}h=-\nabla(a^{2}\nabla\cdot v+(v\cdot\nabla)h)$ (20)
3 $a_{O}H$ $H^{em}$ $(A)\sim(D)$ (1) $\}$ (Landau &Lifshitz
1975, Chap. $4)$ $a0$ $c$
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$-\partial_{t}^{2}v$ $a_{0}^{2}\nabla\cross H=a_{0}^{2}\nabla\cross(\nabla\cross v)$
(D) $J$ (14) $fMe$ (A)
$\sim(D)$ (9)
$E$ $H$ $E=(v\cdot\nabla)v$







$L_{G}$ $=$ $\int_{M}(\frac{1}{2}\langle v,$ $v\rangle-\epsilon)\rho(x)d^{3}x(x)$ (21)
$t$ 3 Trivial Lagrangians $:^{4}$
$L_{\phi}$ $=$ $- \frac{d}{d\tau}\int_{M}\phi d^{3}a=-\int_{M}\rho D_{t}\phi d^{3_{X}}$ , $d^{3}a=\rho d^{3}x$
$L_{\psi}$ $=$ $- \frac{d}{d\tau}\int_{M}s\psi d^{3}a=-\int_{M}\rho sD_{t’}\psi d^{3_{X}}$ ,
$L_{A}$ $=$ $- \frac{d}{d\tau}\int_{M}\langle A_{a},$ $\Omega_{a}\rangle d^{3}a=-\int_{M}\langle\partial_{\tau}A_{a},$ $\Omega_{a})d^{3}a$ $(\partial_{\tau}\Omega_{a}=0)$
$=$ $- \int_{M}\langle \mathcal{L}_{W}A,$ $\omega\rangle d^{3}x=\int_{M}\langle A,$ $E_{W}[\omega]\rangle d^{s_{X}}$ ,





$L_{T}= \int_{M}\Lambda(v, \rho, s, \phi, \psi, A)d^{3_{X}}$ , (22)
$M$ $x$- ( ) A
:
$\Lambda=\Lambda[v, \rho, s, \phi, \psi, A]$ $\equiv$ $\frac{1}{2}\rho\langle v,$ $v\rangle-\rho\epsilon(\rho, s)$
$-\rho(\partial_{t}+v\cdot\nabla)\phi-\rho s(\partial_{t}+v\cdot\nabla)\psi+\langle A,$ $E_{W}[\omega]\rangle$ . (23)
4 $(\tau, a)$ , $(t, x)$




$\mathcal{J}=\int_{M\otimes I_{t}}\Lambda(v, \rho, s, \phi, \psi, A)d^{4_{X}}$ , $d^{4}x=dtd^{3}x$ , (24)
:
$\overline{\delta}\mathcal{J}=\int_{M\otimes I_{t}}\delta\Lambda(v, \rho, s, \phi, \psi, A)d^{4}x=0$ .
$It=[t_{1}, t_{2}]$ .
5.2 Euler-Lagrange
$xarrow x’=x+\xi(x, t)$ Euler-Lagrange
:
$\partial_{\tau}(dm)=0$ , $\partial_{\tau}s=0$ . (25)
$\partial_{\tau}$ $a^{i}$
$\xi=(\xi^{k})$ $M\otimes I_{t}$
$Xarrow X’$ $\triangle$ $:^{5}$
$d^{3}x$ $arrow$ $d^{3}x’=(1+\partial_{k}\xi^{k})d^{3}x$ , $\triangle(d^{3}x)=\partial_{k}\xi^{k}d^{3}x$ , (26)
$\Delta\rho=-\rho\partial_{k}\xi^{k}$ , $\Delta v=D_{t}\xi$ , $\triangle s=0$ . (27)
$\mathcal{J}$
$\Delta \mathcal{J}=\int_{M\otimes I_{l}}d^{4_{X}}[\frac{\partial\Lambda}{\partial v}\triangle v+\frac{\partial\Lambda}{\partial\rho}\triangle\rho+\frac{\partial\Lambda}{\partial s}\triangle s+\Lambda\partial_{k}\xi^{k}]$ .
(25) $\phi,$ $\psi,$ $A$ $\triangle v,$ $\triangle\rho,$ $\Delta s,$ $\Delta(d^{3}x)$
(26) (27) :
$\triangle \mathcal{J}=\int d^{4}x[\frac{\partial\Lambda}{\partial v^{k}}(\partial_{t}\xi^{k}+v\cdot\nabla\xi^{k})-\frac{\partial\Lambda}{\partial\rho}\rho\partial_{k}\xi^{k}+\Lambda\partial_{k}\xi^{k}]$
$=$ $\int d^{4}x[\frac{\partial}{\partial t}(\frac{\partial\Lambda}{\partial v^{k}})+\frac{\partial}{\partial x^{l}}(v^{l}\frac{\partial\Lambda}{\partial v^{k}})+\frac{\partial}{\partial x^{k}}$ $( A -\rho\frac{\partial\Lambda}{\partial\rho})]\xi^{k}$ . (28)
$\xi^{k}$ $\triangle \mathcal{J}=0$ $[]$
Euler-Lagrange :
$\frac{\partial}{\partial t}(\frac{\partial\Lambda}{\partial v^{k}})+\frac{\partial}{\partial x^{l}}(v^{l}\frac{\partial\Lambda}{\partial v^{k}})+\frac{\partial}{\partial x^{k}}(\Lambda-\rho\frac{\partial\Lambda}{\partial\rho})=0$ . (29)
$\phi,$ $\psi,$ $A$ $\mathcal{J}$
$\triangle\phi$ : $\triangle_{t}\rho\equiv\partial_{t}\rho+\nabla\cdot(\rho v)=0$ ( ), (30)
$\Delta\psi$ : $\partial_{t}(\rho s)+\nabla\cdot(\rho sv)=0$ . (31)
$\triangle A$ : $\partial_{t}\omega+\nabla\cross(\omega\cross v)=0$ ( ), (32)
$\overline{5d^{3}x’=Jd^{3}x,}$where $J \partial(x^{k})/\partial(x^{l})’=(1+\partial_{k}\xi^{k})+O(|\partial_{l}\xi^{k}|^{2})$ .
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(29) $m_{k\text{ }}$ $M_{k}^{l}$
$m_{k}= \frac{\partial\Lambda}{\partial v^{k}}=\rho v_{k}$, $M_{k}^{l}=v^{l} \frac{\partial\Lambda}{\partial v^{k}}+(\Lambda-\rho\frac{\partial\Lambda}{\partial\rho})\delta_{k}^{l}=\rho v_{k}v^{l}+p\delta_{k}^{l}$ . (33)
Euler-Lagrange
:
$\partial_{t}(\rho v^{k})+\partial_{l}(\rho v^{l}v^{k})+\partial_{k}p=0$, $(\partial_{k}=\partial/\partial x^{k})$ .
(30)






$\Delta \mathcal{J}=$ $\int_{M\otimes I_{t}}d^{4}x\{\partial_{t}(\rho v_{k})+\partial_{l}(\rho v_{k}v^{l}+p\delta_{k}^{l})\}\xi^{k}$
$=$ $\int d^{4}x\{[\partial_{t}v^{k}+(v^{l}\partial_{l})v^{k}+\partial_{k}h](\rho\xi^{k})+\Delta_{t}\rho(v_{k}\xi^{k})\}$
$= \int d^{4}x\{[\partial_{t}v^{k}+(v^{l}\partial_{l})v^{k}+\partial_{k}h](\rho\xi^{k})+\Delta_{t}h(\frac{\rho}{a^{2}}v_{k}\xi^{k})\}$, (36)
$\triangle_{t}h=\frac{a^{2}}{\rho}\Delta_{t}\rho=\partial_{t}h+v\cdot\nabla h+a^{2}\nabla\cdot v$ . (37)
(36) $\rho\xi^{k}$ $(\rho/a^{2})v_{k}\xi^{k}$ :
$\rho\xi=\nabla\cross\delta B+\nabla\delta\Phi$ , $\frac{\rho}{a^{2}}v\cdot\xi=\nabla\cdot\delta C$ .
$\delta B,$ $\delta\Phi,$ $\delta C$ $M\otimes I_{t}$
(36) :
$\Delta \mathcal{J}=\int_{AI\otimes I_{t}}d^{4}x$ $\{\nabla\cross(\partial_{t}v+(v\cdot\nabla)v+\nabla h)\cdot\delta B$
$+\nabla\cdot(\partial_{t}v+(v\cdot\nabla)v+\nabla h)\delta\Phi$
$+\nabla(\partial_{t}’h+v\cdot\nabla h+a^{2}\nabla\cdot v)$ . $\delta C\}$ .
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$\triangle \mathcal{J}=0$ 3 :
$\delta B$ : $\nabla\cross(\partial_{t}v+(v\cdot\nabla)v+\nabla h)=\nabla\cross(-E+(v\cdot\nabla)v)=0$ , (38)
$\delta\Phi$ : $\nabla\cdot(\partial_{t}v+(v\cdot\nabla)v+\nabla h)=\nabla\cdot(-E+(v\cdot\nabla)v)=0$ , (39)
$\delta C$ : $\nabla(\partial_{t}h+v\cdot\nabla h+a^{2}\nabla\cdot v)=0$ . (40)
$E=-\partial_{l}v-\nabla h$ (39) $q$ :
$\nabla\cdot E=q$ . (41)
$H=\omega=\nabla\cross v$ $\nabla\cdot H=0$
2 (A), (B)
2 (38)
$\nabla\cross E=\nabla\cross(\omega\cross v)=-\partial_{t}\omega$ .
$H=\omega$ (C) :
$\nabla\cross E+\partial_{t}H=0$ . (42)
3 (40) $\nabla\partial_{t}h$ $-\partial_{t}E-\partial_{t}^{2}v$ :
$-\partial_{t}E=\partial_{t}^{2}v-\nabla(v\cdot\nabla h+a^{2}\nabla\cdot v)$ .
$a_{0}^{2}\nabla\cross H$
$a_{0}^{2}\nabla\cross H-\partial_{t}E$ $=$ $J$ , (43)
$J$ $=$ $\partial_{t}^{2}v-\nabla(v\cdot\nabla h+a^{2}\nabla\cdot v)+a_{0}^{2}\nabla\cross H$








$u=d\xi/dt=\dot{\xi}$ , $dX/dt=v(t, x_{p}(t))$
$\bullet$ ( ) $u_{i}$
$\frac{1}{2}m_{ik}u_{i}u_{k}$ 2
(Landau &Lifshitz (1987), \S 11) $m_{ik}$
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$\bullet$ $\phi$ $\nabla(m\phi)$ $m\phi=$
$m\phi_{g}+(\Delta V)p$ . $\Delta V$ $\phi_{g}$
$\bullet$ $\frac{1}{2}m(u+v)^{2}$ $L$ :
$L(t, \xi, u)$ $=$ $\frac{1}{2}m(u+v)^{2}+\frac{1}{2}m_{jk}u_{j}u_{k}-m\phi$





$v(t, x)$ $\xi$ $u$
7.1
$\xi(/)$ :
$\frac{d}{dt}(\frac{\partial L}{\partial\dot{\xi}_{i}})=\frac{\partial L}{\partial\xi_{i}}$ , $\xi(l)=(\xi_{i})$ , $u(t)=\dot{\xi}=(\dot{\xi}_{i})$ ,
$d/dt=\partial_{t}+u\cdot\nabla$ , $\partial/\partial\xi_{i}=\partial/\partial x_{i}=(\nabla)_{i}$ . (44)
$\frac{\partial L}{\partial\dot{\xi}_{i}}=\frac{\partial L}{\partial u_{i}}$ $=mu_{i}(t)+m_{ik}u_{k}+mv_{i}(t, x))$
$\frac{\partial L}{\partial\xi_{i}}$ $=m\partial_{i}(u(t)\cdot v)-m\partial_{i}\phi$.
$m \frac{du_{i}}{dt}+m_{ik}\frac{du_{k}}{dt}+m\frac{\partial v_{i}}{\partial t}+m(u\cdot\nabla)v_{i}=m\partial_{i}(u(t)\cdot v)-m\partial_{i}\phi$ . (45)
4 1 :
$u\cross(\nabla\cross v)=\nabla(u(t)\cdot v(x))-(u\cdot\nabla)v$.
$P^{(f)}=(P_{i}^{(f)})$ $P_{i}^{(f)}=m_{ik}u_{k}$ (45) :
$m \frac{du}{dt}+\frac{dP^{(f)}}{dt}=-m\partial_{t}v+mu\cross(\nabla\cross v)-m\nabla\phi$ . (46)
$\rho$p( ) $=$ $\rho$( ) $\nabla\phi=\nabla\phi_{g}+\nabla h$
$\nabla\phi=\nabla\phi_{g}+(\Delta V/m)\nabla p=\nabla\phi_{g}+\nabla p/\rho_{p}$ , $\nabla p=\rho\nabla h$
$P=mu+P^{(f)}$ (13) $E$ $H$
(46) :




$\frac{d}{dt}(mv_{p}^{e})=eE^{em}+(e/c)v_{p}\cross H^{em}-m\nabla\Phi_{g}$ , (48)
$v_{p}^{e}$ $c$ $(E^{em}, H^{em})$ $\Phi_{g}$
( )
$H$ $H/a_{0}$ ( 4
3$)$ $m$ charge $mu\cross H$
$(e/c)v_{p}\cross H^{em}$
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(7), (9), (10) :
$\partial_{t}\omega+\nabla\cross(\omega\cross v)$ $=$ $0$ , (49)
$\partial_{t}v+(v\cdot\nabla)v+\nabla h$ $=$ $0$ , (50)
$\partial_{t}h+v\cdot\nabla h+a^{2}\nabla\cdot v$ $=$ $0$ . (51)
$(A)\sim(D)$ ,
$\nabla\cdot H$ $=$ $0$ , ($A$ ) ; $\nabla\cross E+\partial_{t}H=0$ , ( $C$ )




$mE+mu\cross H$ $E,$ $H$
$P$
$dP/dt=mE+mu\cross H-m\nabla\phi_{g}$ , (52)
$\phi_{g}$ (46) $\rho_{p}=\rho$
:
$E=-\partial_{t}v-\nabla h$ , $H=\nabla\cross v$ , (53)
$E$ $H$ $v$ $h$
$E$ $H$ (A) (C)
(49), (50) (51) 2 (B), (D)
(18), (19) Source termS,
$q=\nabla\cdot[(v\cdot\nabla)v]$ , $J=\partial_{t}^{2}v-\nabla[v\cdot\nabla h+a^{2}\nabla\cdot v]+a_{0}^{2}\nabla\cross(\nabla\cross v)$ . (54)
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$\bullet$ (D) (51) ’ ’
$E$ $H$ $J$ (D)
:
$a_{0}^{2}\nabla\cross(\nabla\cross v)+\partial_{t}^{2}v+\nabla\partial_{t}h=\partial_{t}^{2}v-\nabla[v\cdot\nabla h+a^{2}\nabla\cdot v]+a_{0}^{2}\nabla\cross(\nabla\cross v)$ .
$\nabla(\partial_{t}h+v\cdot\nabla h+a^{2}\nabla\cdot v)=0$
$\partial_{t}h+v\cdot\nabla h+a^{2}\nabla\cdot v=C(t)$ ( $t$ ). (55)
$C(t)=0$ $C(t)\neq 0$ $(\rho/a^{2})C$
$C(t)=0$ (51)
:
$\rho+v$ . $\nabla p+\rho\nabla\cdot v=\partial_{t}\rho+\nabla\cdot(\rho v)=0$. (56)









: $\partial_{t}v+(v\cdot\nabla)v+\nabla h=0$ .
(57) $\nabla\cross\xi=0$ (16) $E=(v\cdot\nabla)v$
(C) (17) $H=\omega$ (C)
(49)
(52), source terms (18), (19)





$(a)2$ $E$ $H$ $v$ $h$ $E$
$H$
$q$ ,
$J$ : $\partial_{t}q+divJ=0$ .
$(b)$ $H=\nabla\cross v$ ( ) $E=$











( ) (Kambe 2010)
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